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Local Galois representations of Swan conductor one
Naoki Imai and Takahiro Tsushima
Abstract
We construct the local Galois representations over the complex field whose Swan
conductors are one by using etale cohomology of Artin-Schreier sheaves on affine lines
over finite fields. Then, we study the Galois representations, and give an explicit
description of the local Langlands correspondences for simple supercuspidal represen-
tations. We discuss also a more natural realization of the Galois representations in
the etale cohomology of Artin-Schreier varieties.
Introduction
Let K be a non-archimedean local field. Let n be a positive integer. The existence of the
local Langlands correspondence for GLn(K), proved in [LRS93] and [HT01], is one of the
fundamental results in the Langlands program. However, even in this fundamental case,
an explicit construction of the local Langlands correspondence has not yet been obtained.
One of the most striking results in this direction is Bushnell-Henniart’s result for essentially
tame representations in [BH05a], [BH05b] and [BH10]. On the other hand, we don’t know
much about the explicit construction outside essentially tame representations.
We discuss this problem for representations of Swan conductor 1. The irreducible su-
percuspidal representations of GLn(K) of Swan conductor 1 are equivalent to the simple
supercuspidal representations in the sense of [AL16] (cf. [RY14]). Such representations are
called “epipelagic” in [BH14].
Let p be the characteristic of the residue field k of K. If n is prime to p, the simple
supercuspidal representations of GLn(K) are essentially tame. Hence, this case is covered
by Bushnell-Henniart’s work. See also [AL16]. It is discussed in [Kal15] to generalize the
construction of the local Langlands correspondence for essentailly tame epipelagic repre-
sentations to other reductive groups.
In this paper, we consider the case where p divides n. In this case, the the simple super-
cuspidal representations of GLn(K) are not essentially tame. Moreover, if n is a power of
p, the irreducible representations of the Weil group WK of Swan conductor 1, which corre-
spond to the simple supercuspidal representations via the local Langlands correspondence,
can not be induced from any proper subgroups. Such representations are called primitive
(cf. [Koc77]). For simple supercuspidal representations, we have a simple characterization
of the local Langlands correspondence given in [BH14]. Actually, based on the character-
ization, Bushnell-Henniart study the restriction to the wild inertia subgroup of Langlands
parameter for the simple supercuspidal representations. It gives a description of the local
Langlands correspondence for the simple supercuspidal representations up to some charac-
ter twists. On the other hand, the construction of the irreducible representations of WK of
Swan conductor 1 is a non-trivial problem. What we will do in this paper is
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• to construct the irreducible representations of WK of Swan conductor 1 without ap-
pealing to the existence of the local Langlands correspondence, and
• to give a description of the local Langlands correspondence for the simple supercus-
pidal representations without character twists ambiguity.
Let ℓ be a prime number different from p. For the construction of the irreducible represen-
tations of WK of Swan conductor 1, we use etale cohomology of an Artin-Schreier ℓ-adic
sheaf on A1kac, where k
ac is an algebraic closure of k. It will be possible to avoid usage of
geometry in the construction of the irreducible representations of WK of Swan conductor
1. However, we prefer this approach, because
• we can use geometric tools such as the Lefschetz trace formula and the product
formula of Deligne-Laumon to study the constructed representations, and
• the construction works also for ℓ-adic integral coefficients and mod ℓ coefficients.
A description of the local Langlands correspondence for the simple supercuspidal represen-
tations is discussed in [IT12] in the special case where n = p = 2. Even in the special case,
our method in this paper is totally different from that in [IT12].
We explain the main result. We write n = pen′, where n′ is prime to p. We fix a
uniformizer ̟ of K and an isomorphism ι : Qℓ ≃ C.
Let Lψ be the Artin-Schreier Qℓ-sheaf on A1kac associated to a non-trivial character ψ of
Fp. Let π : A
1
kac → A1kac be the morphism defined by π(y) = yp
e+1. Let ζ ∈ µq−1(K), where
q = |k|. We put Eζ = K[X ]/(Xn′ − ζ̟). Then we can define a natural action of WEζ
on H1c (A
1
kac , π
∗Lψ). Using this action, we can associate a primitive representation τn,ζ,χ,c
of WEζ to ζ ∈ µq−1(K), a character χ of k× and c ∈ C×. We construct an irreducible
representation τζ,χ,c of Swan conductor 1 as the induction of τn,ζ,χ,c to WK .
We can associate a simple supercuspidal representation πζ,χ,c of GLn(K) to the same
triple (ζ, χ, c) by the type theory. Any simple supercuspidal representation can be written
in this form uniquely.
Theorem. The representations τζ,χ,c and πζ,χ,c correspond via the local Langlands corre-
spondence.
In Section 1, we recall a general fact on representations of a semi-direct product of a
Heisenberg group with a cyclic group. In Section 2, we give a construction of the irreducible
representations of WK of Swan conductor 1. To construct a representation of WK which
naturally fits a description of the local Langlands correspondence, we need a subtle character
twist. Such a twist appears also in essentially tame case, which is called a rectifier. Our
twist can be considered as an analogue of the rectifier. We construct the representations
of WK using geometry, but we give also a representation theoretic characterization of the
constructed representations. In Section 3, we give a construction of the simple supercuspidal
representations of GLn(K) using the type theory.
In Section 4, we state the main theorem and recall a characterization of the local
Langlands correspondence for simple supercuspidal representations given in [BH14]. The
characterization consists of the three coincidences of (i) the determinant and the central
character, (ii) the refined Swan conductors, and (iii) the epsilon factors.
In Section 5, we recall facts on Stiefel-Whitney classes, multiplicative discriminants
and additive discriminants. We use these facts to calculate Langlands constants of wildly
ramified extensions. In Section 6, we recall the product formula of Deligne-Laumon. In
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Section 7, we show the coincidence of the determinant and the central character using the
product formula of Deligne-Laumon.
In Section 8, we construct a field extension T uζ of Eζ such that the restriction of τn,ζ,χ,c
to WTuζ is an induction of a character and p ∤ [T
u
ζ : Eζ ], which we call an imprimitive field.
In Section 9, we show the coincidence of the refined Swan conductors. We see also that the
constructed representations of WK are actually simple epeipelagic.
In Section 10, we show the coincidence of the epsilon factors. It is difficult to calculate
the epsilon factors of irreducible representations of WK of Swan conductor 1 directly, be-
cause primitive representations are involved. However, we know the equality of the epsilon
factors up to pe-th roots of unity if n = pe, since we have already checked the conditions (i)
and (ii) in the characterization. Using this fact and p ∤ [T uζ : Eζ ], the problem is reduced
to study an epsilon factor of a character. Next we reduce the problem to the case where
the characteristic of K is p and k = Fp. At this stage, it is possible to calculate the epsilon
factor if p 6= 2. However, it is still difficult if p = 2, because the direct calculation of the
epsilon factor involves an explicit study of the Artin reciprocity map for a wildly ramified
extension with a non-trivial ramification filtration. This is a special phenomenon in the
case where p = 2. We will avoid this difficulty by reducing the problem to the case where
e = 1. In this case, we have already known the equality up to sign. Hence, it suffices to
show the equality of non-zero real parts. This is easy, because the difficult study of the
Artin reciprocity map involves only the imaginary part of the equality.
In Appendix A, we discuss a construction of irreducible representations of WK of Swan
conductor 1 in the cohomology of Artin-Schreier varieties. This geometric construction
incorporates a twist by a “rectifier”. We see that the “rectifier” parts come from the
cohomology of Artin-Schreier varieties associated to quadratic forms. The Artin-Schreier
varieties which we use have origins in a study of Lubin-Tate spaces in [IT16].
Notation
For a finite abelian group A, let A∨ denote the character group HomZ(A,C×). For a
non-archimedean local field K, let
• OK denote the ring of integers of K,
• pK denote the maxmal ideal of OK ,
• vK denote the normalized valuation of K which sends a uniformizer of K to 1,
• chK denote the characteristic of K,
• GK denote the absolute Galois group of K,
• WK denote the Weil group of K,
and we put UmK = 1 + p
m
K for any positive integer m.
1 Representations of finite groups
First, we recall a fact on representations of Heisenberg groups. Let G be a finite group
with center Z. We assume the following:
(i) The group G/Z is an elementary abelian p-group.
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(ii) For any g ∈ G \ Z, the map cg : G→ Z; g′ 7→ [g, g′] is surjective.
Remark 1.1. The map cg in (ii) is a group homomorphism. Hence, Z is automatically an
elementary abelian p-group.
Let ψ ∈ Z∨ be a non-trivial character.
Proposition 1.2. ([BF83, (8.3.3) Proposition]) There is a unique irreducible representa-
tion ρψ of G such that ρψ|Z contains ψ. Moreover, we have (dim ρψ)2 = [G : Z].
Next, we consider representations of a semi-direct product of a Heisenberg group with a
cyclic group. Let A ⊂ Aut(G) be a cyclic subgroup of order pe+1 where e = (logp[G : Z])/2.
We assume the following:
(iii) The group A act on Z trivially.
(iv) For any non-trivial element a ∈ A, the action of a on G/Z fixes only the unit element.
We consider the semi-direct product A⋉G by the action of A on G.
Lemma 1.3. There is a unique irreducible representation ρ′ψ of A⋉G such that ρ
′
ψ|G ≃ ρψ
and tr ρ′ψ(a) = −1 for every non-trivial element a ∈ A.
Proof. The claim is proved in the proof of [BH06, 22.2 Lemma] if Z is cyclic and ψ is a
faithful character. In fact, the same proof works also in our case.
2 Galois representations
2.1 Swan conductor
Let K be a non-archimedean local field with residue field k. Let p be the characteristic of
k. Let f be the extension degree of k over Fp. We put q = p
f .
We define ψ0 ∈ F∨p by ψ0(1) = e2π
√−1/p. We take an additive character ψK : K → C×
such that ψK(x) = ψ0(Trk/Fp(x¯)) for x ∈ OK .
Let τ be a finite dimensional irreducible continuous representation of WK over C. Let
ǫ(τ, s, ψK) denote the Deligne-Langlands local constant of τ with respect to ψK . We simply
write ǫ(τ, ψK) for ǫ(τ, 1/2, ψK). By [BH06, 29.4 Proposition], there exists an integer sw(τ)
such that
ǫ(τ, s, ψK) = q
−sw(τ)sǫ(τ, 0, ψK).
We put Sw(τ) = max{sw(τ), 0}, which we call the Swan conductor of τ .
2.2 Construction
We fix an algebraic closure Kac of K. Let kac be the residue field of Kac. Let n be a positive
integer. We write n = pen′ with (p, n′) = 1. Throughout this paper, we assume that e ≥ 1.
Let
Q =
{
g(a, b, c)
∣∣∣ a ∈ µpe+1(kac), b, c ∈ kac, bp2e + b = 0, cp − c+ bpe+1 = 0}
be the group whose multiplication is given by
g(a1, b1, c1) · g(a2, b2, c2) = g
(
a1a2, b1 + a1b2, c1 + c2 +
e−1∑
i=0
(
a1b
pe
1 b2
)pi)
.
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Note that |Q| = p2e+1(pe + 1). Let Q⋊Z be a semidirect product, where m ∈ Z acts on Q
by g(a, b, c) 7→ g(ap−m, bp−m, cp−m). We put
Fr(m) = (g(1, 0, 0), m)
for m ∈ Z.
Let C be the smooth affine curve over kac defined by
xp − x = ype+1 in A2kac.
We define a right action of Q⋊ Z on C by
(x, y)(g(a, b, c), 0) =
(
x+
e−1∑
i=0
(by)p
i
+ c, a(y + bp
e
)
)
,
(x, y) Fr(1) = (xp, yp).
We consider the morphisms
h : A1kac → A1kac; x 7→ xp − x,
π : A1kac → A1kac; y 7→ yp
e+1.
Then we have the fiber product
C
h′
//
π′


A1kac
π

A1kac h
// A1kac
where π′ and h′ are the natural projections to the first and second coordinates respectively.
Let g = (g(a, b, c), m) ∈ Q ⋊ Z. We consider the morphism g0 : A1kac → A1kac; y 7→
(
a(y +
bp
e
)
)pm
. Let ℓ be a prime number different from p. Then we have a natural isomorphism
cg : g
∗
0h
′
∗Qℓ
∼−→ h′∗g∗Qℓ ∼−→ h′∗Qℓ.
We take an isomorphism ι : Qℓ ≃ C. We sometimes view a character over C as a character
over Qℓ by ι. Let ψ ∈ F∨p . We write Lψ for the Artin-Schreier Qℓ-sheaf on A1kac associated
to ψ, which is equal to F(ψ) in the notation of [Del77, Sommes trig. 1.8 (i)]. Then we have
a decomposition h∗Qℓ =
⊕
ψ∈F∨p Lψ. This decomposition gives a canonical isomorphism
h′∗Qℓ ∼= π∗h∗Qℓ ∼=
⊕
ψ∈F∨p
π∗Lψ. (2.1)
The isomorphisms cg and (2.1) induces cg,ψ : g
∗
0π
∗Lψ → π∗Lψ. We define a left action of
Q⋊ Z on H1c (A
1
kac, π
∗Lψ) by
H1c (A
1
kac, π
∗Lψ) g
∗
0−→ H1c (A1kac , g∗0π∗Lψ)
cg,ψ−−→ H1c (A1kac , π∗Lψ)
for g ∈ Q⋊Z. Let τψ be the representation of Q⋊Z over C defined by H1c (A1kac, π∗Lψ) and
ι. For χ ∈ µpe+1(kac)∨, let Kχ be the smooth Kummer Qℓ-sheaf on Gm,kac associated to χ.
Lemma 2.1. We have a natural isomorphism
H1c (A
1
kac, π
∗Lψ) ≃
⊕
χ∈µpe+1(kac)∨\{1}
H1c (Gm,kac,Lψ ⊗Kχ).
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Proof. By the projection formula, we have natural isomorphisms
π∗π∗Lψ ≃ Lψ ⊗ π∗Qℓ ≃
⊕
χ∈µpe+1(kac)∨
Lψ ⊗Kχ (2.2)
on Gm,kac. We have the exact sequence
0→ H0({0},Qℓ)→ H1c (Gm,kac , π∗Lψ)→ H1c (A1kac, π∗Lψ)→ 0, (2.3)
where {0} denotes the origin of A1kac . The claim follows from (2.2) and (2.3), because we
have a natural isomorphism H0({0},Qℓ) ≃ H1c (Gm,kac ,Lψ).
Let ̺ : µ2(k) →֒ C× be the non-trivial group homomorphism, if p 6= 2. We define a
character χ0 ∈ µpe+1(kac)∨ by
χ0(a) =
{
̺(a(p
e+1)/2) if p 6= 2,
1 if p = 2
for a ∈ µpe+1(kac). For an integer m and a positive odd integer m′, let
(
m
m′
)
denote the
Jacobi symbol. We define a representation τn of Q⋊Z as the twist of τψ0 by the character
Q⋊ Z→ C×; (g(a, b, c), m) 7→
{
χ0(a)
n
{(√−1 p+32 (−2n′
p
))n
p−
1
2
}m
if p 6= 2,{
(−1)n(n−2)8 p− 12}m if p = 2. (2.4)
Let (ζ, χ, c) ∈ µq−1(K) × (k×)∨ × C×. We choose an element ϕ′ζ ∈ Kac such that
ϕ′n
′
ζ = ζ̟ and set Eζ = K(ϕ
′
ζ). We choose elements αζ, βζ and γζ such that
αp
e+1
ζ = −ϕ′ζ , βp
2e
ζ + βζ = −α−1ζ , γpζ − γζ = βp
e+1
ζ . (2.5)
For σ ∈ WEζ , we set
aσ = σ(αζ)/(αζ), bσ = aσσ(βζ)− βζ, cσ = σ(γζ)− γζ +
e−1∑
i=0
(bp
e
σ (βζ + bσ))
pi. (2.6)
Then we have aσ, bσ, cσ ∈ OKac. Let ArtEζ : Eζ× ∼→ W abEζ be the Artin reciprocity map,
which sends a uniformizer to a lift of the geometric Frobenius element. For σ ∈ WEζ , we
put nσ = vEζ(Art
−1
Eζ
(σ)). We have a surjective homomorphism
Θζ : WEζ −→ Q⋊ Z; σ 7→
(
g(a¯σ, b¯σ, c¯σ), fnσ
)
. (2.7)
We write τn,ζ for the inflation of τn by Θζ .
Let φc : WEζ → C× be the character defined by φc(σ) = cnσ . We have the isomorphism
ϕ′Zζ × O×Eζ ≃ Eζ× given by the multiplication. Let Frobp : k× → k× be the inverse of the
p-th power map. We consider the following composite:
λζ : W
ab
Eζ
≃ Eζ× ≃ ϕ′Zζ ×O×Eζ
pr2−−→ O×Eζ
can.−−→ k× Frob
e
p−−−→ k×.
We put
τn,ζ,χ,c = τn,ζ ⊗ (χ ◦ λζ)⊗ φc and τζ,χ,c = IndEζ/K τn,ζ,χ,c.
We will see that τζ,χ,c is an irreducible representation of Swan conductor 1 in Proposition
9.8.
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2.3 Characterization
We put
Q0 =
{
g(1, b, c) ∈ Q}, F = {g(1, 0, c) ∈ Q ∣∣ c ∈ Fp}.
We identify Fp with F by c 7→ g(1, 0, c).
Lemma 2.2. For any g = g(1, b, c) ∈ Q0 with b 6= 0, the map Q0 → F ; g′ 7→ [g, g′] is
surjective.
Proof. For g(1, b1, c1), g(1, b2, c2) ∈ Q0, we have
[g(1, b1, c1), g(1, b2, c2)] = g
(
1, 0,
e−1∑
i=0
(bp
e
1 b2 − b1bp
e
2 )
pi
)
.
If b1 6= 0, then {
b ∈ kac | bp2e + b = 0}→ Fpe; b2 → bpe1 b2 − b1bpe2
is surjective. The claim follows from the surjectivity of TrFpe/Fp.
By this lemma, we can apply a result of Section 1 to our situation with G = Q0, Z = F
and A = µpe+1(k
ac). Let τ 0 denote the unique irreducible representation of Q characterized
by
τ 0|F ≃ ψ⊕p
e
0 , Tr τ
0(g(a, 0, 0)) = −1 (2.8)
for a ∈ µpe+1(kac) \ {1}. We have a decomposition
τ 0 =
⊕
χ∈µpe+1(kac)∨\{1}
Lχ (2.9)
such that a ∈ µpe+1(kac) acts on Lχ by χ(a). For a positive integer m dividing pe + 1, we
consider µm(k
ac)∨ as a subset of µpe+1(kac)∨ by the dual of the surjection
µpe+1(k
ac)→ µm(kac); x→ x
pe+1
m .
We simply write Q for the subgroup Q× {0} ⊂ Q⋊Z. We view χ0 as a character of Q by
g(a, b, c) 7→ χ0(a).
Lemma 2.3. We have τψ0 |Q ≃ τ 0.
Proof. We can see the claim by Lemma 2.1 and (2.8).
Lemma 2.4. We have
Tr τψ0
(
Fr(1)
)
=
{
−
√
(−1) p−12 p if p 6= 2,
0 if p = 2.
Proof. By the Lefschetz trace formula, we have
Tr τψ0
(
Fr(1)
)
= −
∑
b∈Fp
ψ0(b
2) =
{
−
√
(−1) p−12 p if p 6= 2,
0 if p = 2,
where we use a result of Gauss at the second equality.
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We assume p = 2 in this paragraph. We take b0 ∈ F22e such that TrF22e/F2(b0) = 1.
Further, we put
c0 = b
2e
0 +
∑
0≤i<j≤e−1
b2
e+i+2j
0 .
Then we have c20 − c0 = b2
e+1
0 . We put
g =
(
g(1, b0, c0),−1
)
.
Lemma 2.5. We assume that p = 2. Then we have Tr τψ0(g
−1) = −2.
Proof. We note that
g
−1 = Fr(1)
(
g
(
1, b0, c0 +
e−1∑
i=0
(b2
e+1
0 )
2i
)
, 0
)
. (2.10)
For y ∈ kac satisfying y2 + b2e0 = y, we take xy ∈ kac such that x2my − xy = y2e+1. We take
y0 ∈ kac such that y20 + b2e0 = y0. Then, by the Lefschetz trace formula and (2.10), we have
Tr τψ0(g
−1) = −
∑
y2+b2
e
0 =y
ψ0
(
x2y − xy +
e−1∑
i=0
(b0y
2)2
i
+ c0 +
e−1∑
i=0
(b2
e+1
0 )
2i
)
= −
∑
z∈F2
ψ0
(
(y0 + z)
2e+1 +
e−1∑
i=0
(
b0(y0 + z)
)2i
+ c0
)
= −2,
where we change variable by y = y0 + z at the second equality, and use
y2
e+1
0 +
e−1∑
i=0
(b0y0)
2i = b2
e
0 +
∑
0≤i<j≤e−1
b2
e+i+2j
0
at the last equality.
Proposition 2.6. The representation τψ0 is characterized by τψ0 |Q ≃ τ 0 and{
Tr τψ0
(
Fr(1)
)
= −
√
(−1) p−12 p if p 6= 2,
Tr τψ0(g
−1) = −2 if p = 2.
In particular, τψ0 does not depend on the choice of ℓ and ι.
Proof. This follows from Lemma 2.3, Lemma 2.4 and Lemma 2.5.
3 Representations of general linear algebraic groups
3.1 Simple supercuspidal representation
Let π be an irreducible supercuspidal representation of GLn(K) over C. Let ǫ(π, s, ψK)
denote the Godement-Jacquet local constant of π with respect to ψK . We simply write
ǫ(π, ψK) for ǫ(π, 1/2, ψK). By [GJ72, Theorem 3.3 (4)], there exists an integer sw(π) such
that
ǫ(π, s, ψK) = q
−sw(π)sǫ(π, 0, ψK).
We put Sw(π) = max{sw(π), 0}, which we call the Swan conductor of π.
Definition 3.1. An irreducible supercuspidal representation π of GLn(K) over C is called
simple supercuspidal, if Sw(π) = 1.
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3.2 Construction
In the following, we construct a smooth representation πζ,χ,c of GLn(K) for each triple
(ζ, χ, c) ∈ µq−1(K)× (k×)∨ × C×.
Let B ⊂Mn(k) be the subring consisting of upper triangular matrices. Let I ⊂Mn(OK)
be the inverse image of B under the reduction map Mn(OK) → Mn(k). Then I is a
hereditary OK-order (cf. [BK93, (1.1)]). Let P denote the Jacobson radical of the order I.
We put U1I = 1 +P ⊂ GLn(OK). We set
ϕζ =
(
0 In−1
ζ̟ 0
)
∈Mn(K) and Lζ = K(ϕζ).
Then, Lζ is a totally ramified extension of K of degree n.
We put ϕζ,n = n
′ϕζ and
ε0 =
{
(n′ + 1)/2 if pe = 2,
0 if pe 6= 2.
We define a character Λζ,χ,c : L
×
ζ U
1
I → C× by
Λζ,χ,c(ϕζ) = (−1)n−1+ε0fc, Λζ,χ,c(x) = χ(x¯) for x ∈ O×K ,
Λζ,χ,c(x) = (ψK ◦ tr)(ϕ−1ζ,n(x− 1)) for x ∈ U1I .
We put
πζ,χ,c = c-Ind
GLn(K)
L×ζ U
1
I
Λζ,χ,c.
Then, πζ,χ,c is a simple supercuspidal representation of GLn(K), and every simple su-
percuspidal representation is isomorphic to πζ,χ,c for a uniquely determined (ζ, χ, c) ∈
µq−1(K) × (k×)∨ × C× by [IT14, Proposition 1.2]. The representation πζ,χ,c contains the
m-simple stratum
[
I, 1, 0, ϕ−1ζ,n
]
in the sense of [BH14, 2.1].
Proposition 3.2. ǫ(πζ,χ,c, ψK) = (−1)n−1+ε0fχ(n′)c.
Proof. This follows from [BH99, 6.1 Lemma 2 and 6.3 Proposition 1].
4 Local Langlands correspondence
Our main theorem is the following:
Theorem 4.1. The representations πζ,χ,c and τζ,χ,c correspond via the local Langlands cor-
respondence.
To prove this theorem, we recall a characterization of the local Langlands correspon-
dence for epipelagic representations due to Bushnell-Henniart. The following lemma is a
special case of [DH81, The´ore`me].
Lemma 4.2. ([BH14, 2.3 Lemma]) Let τ be an irreducible smooth representation of WK
such that sw(τ) ≥ 1. Then, there exists γτ,ψK ∈ K× such that
ǫ(χ⊗ τ, s, ψK) = χ(γτ,ψK)−1ǫ(τ, s, ψK)
for any tamely ramified character χ of WK. This property determines the coset γτ,ψKU
1
K
uniquely.
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Definition 4.3. Let τ be an irreducible smooth representation of WK such that sw(τ) ≥ 1.
We take γτ,ψK as in Lemma 4.2. We put rsw(τ, ψK) = γ
−1
τ,ψK
∈ K×/U1K, which we call the
refined Swan conductor of τ .
Remark 4.4. We have v
(
rsw(τ, ψK)
)
= Sw(τ) in Definition 4.3.
Lemma 4.5. (cf. [BH99, 1.4 Theorem]) Let π be an irreducible smooth supercuspidal rep-
resentation of GLn(K) such that sw(π) ≥ 1.
1. There exists γπ,ψK ∈ K× such that
ǫ(χ⊗ π, s, ψK) = χ(γπ,ψK)−1ǫ(π, s, ψK)
for any tamely ramified character χ of K×. This property determines the coset γπ,ψKU
1
K
uniquely.
2. Let
[
A, m, 0, α
]
be a simple stratum contained in π. Then we have γπ,ψK ≡ detα
mod U1K.
Proof. This follows from [BH99, 6.1 Lemma 2 and (6.1.1)].
Definition 4.6. Let π be an irreducible smooth supercuspidal representation of GLn(K)
such that sw(π) ≥ 1. We take γπ,ψK as in Lemma 4.5. Then we put rsw(π, ψK) = γ−1π,ψK ∈
K×/U1K, which we call the refined Swan conductor of π.
Remark 4.7. We have v
(
rsw(π, ψK)
)
= Sw(π) in Definition 4.6.
For an irreducible smooth supercuspidal representation π of GLn(K), let ωπ denote the
central character of π.
Proposition 4.8. ([BH14, 2.3 Proposition]) Let π be a simple supercuspidal representa-
tion of GLn(K). The Langlands parameter for π is characterized as the n-dimensional
irreducible smooth representation τ of WK satisfying
(i) det τ = ωπ,
(ii) rsw(τ, ψK) = rsw(π, ψK),
(iii) ǫ(τ, ψK) = ǫ(π, ψK).
We will show that τζ,χ,c and πζ,χ,c satisfy the conditions of Proposition 4.8 in Proposition
7.6, Proposition 9.5, Lemma 9.7 and Proposition 10.7.
5 Stiefel-Whitney class and discriminant
5.1 Stiefel-Whitney class
Let R(WK ,R) be the Grothendieck group of finite-dimensional real representations of WK
over C with finite images. For V ∈ R(WK ,R), we can define the i-th Stiefel-Whitney class
wi(V ) ∈ H i(GK ,Z/2Z) for i ≥ 0 as in [Del76, (1.3)]. Let
cl : H2(GK ,Z/2Z)→ H2(GK , K×) ∼−→ Q/Z,
where the first map is induced by Z/2Z → K×;m→ (−1)m, and the second isomorphism
is the invariant map.
Theorem 5.1. ([Del76, (1.5) The´ore`me]) Assume that V ∈ R(WK ,R) has dimension 0
and determinant 1. Then we have
ǫ(V, ψK) = exp
(
2π
√−1cl(w2(V ))
)
.
In particular, we have ǫ(V, ψK) = 1 if chK = 2.
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5.2 Discriminant
Let L be a finite separable extension of K. We put
δL/K = det(IndL/K 1).
5.2.1 Multiplicative discriminant
We assume that chK 6= 2 in this subsubsection. We define dL/K ∈ K×/(K×)2 as the
discriminant of the quadratic form TrL/K(x
2) on L. For a ∈ K×/(K×)2, let {a} ∈
H1(GK ,Z/2Z) and κa ∈ Hom(WK , {±1}) be the elements corresponding to a under the
natural isomorphisms
K×/(K×)2 ≃ H1(GK ,Z/2Z) ≃ Hom(WK , {±1}).
We have
δL/K = κdL/K (5.1)
by [Ser84, 1.4]. For a, b ∈ K×/(K×)2, we put
{a, b} = {a} ∪ {b} ∈ H2(GK ,Z/2Z).
Proposition 5.2. ([AS10, Proposition 6.5]) Let m be the extension degree of L over K.
We take a generator a of L over K. Let f(x) ∈ K[x] be the minimal polynomial of a. We
put D = f ′(a) ∈ L. Then we have
dL/K = (−1)(
m
2 ) NrL/K(D) ∈ K×/(K×)2,
w2(IndL/K κD) =
(
m
4
)
{−1,−1}+ {dL/K , 2} ∈ H2(GK ,Z/2Z).
5.2.2 Additive discriminant
We put Pm(x) = x
m − x for any positive integer m. We assume that chK = 2 in this
subsubsection.
Definition 5.3. ([BM85, De´finition 2.7]) Let m be the extension degree of L over K.
We take the minimal polynomial f(x) ∈ K[x] of a generator of L over K. We have a
decomposition f(x) =
∏
1≤i≤m(x− ai) over the Galois closure of L over K. We put
d+L/K =
∑
1≤i<j≤m
aiaj
(ai + aj)2
∈ K/P2(K),
which we call the additive discriminant of L over K.
Theorem 5.4. ([BM85, The´ore`me 2.7]) Let L′ be the subextension of Kac over K corre-
sponding to Ker δL/K . Then the extension L
′ over K corresponds to d+L/K ∈ K/P2(K) by
the Artin-Schreier theory.
6 Product formula of Deligne-Laumon
We recall a statement of the product formula of Deligne-Laumon. In this paper, we need
only the rank one case, which is proved in [Del73, Proposition 10.12.1], but we follow the
notation in [Lau87].
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6.1 Local factor
We consider a triple (T,F , ω) which consists of the following:
• Affine scheme T associated to the ring of integers in a local field KT of characteristic
p whose residue field contains k.
• A constructible Qℓ-sheaf F on T .
• A non-zero meromorphic 1-form ω on T .
Then we can associate ǫψ0(T,F , ω) ∈ C× to the triple (T,F , ω) as in [Lau87, The´ore`me
(3.1.5.4)] using ι.
Assume that KT = k((t)). Let η = Spec k((t)) be the generic point of T with the
natural inclusion j : η → T . We defin a character Ψω : k((t))→ C× by
Ψω(a) = (ψ0 ◦ Trk/Fp)(Res(aω))
for a ∈ k((t)). Let l(Ψω) be the level of Ψω in the sense of [BH06, 1.7 Definition]. We
define an unramified character ωu : K
×
T → C× by ωu(̟) = q−u for u ∈ (1/2)Z. For a rank
1 smooth Qℓ-sheaf V on η corresponding to a character χ : Gk((t)) → C× via ι, we have
ǫψ0(T, j∗V, ω) = q
−l(Ψω)/2ǫ(χω− 1
2
,Ψω) (6.1)
by [Lau87, The´ore`me (3.1.5.4)(v)], [Tat79, (3.6.2)] and [BH06, 23.1 Proposition (3)].
6.2 Product formula
Let X be a geometrically connected proper smooth curve over k of genus g. Let F be a
constructible Qℓ-sheaf on X . We put
ǫ(X,F) = ι
(
det
(−Frobq;RΓ(X ⊗k kac,F))−1),
where Frobq is a geometric q-th power Frobenius map. Let rk(F) be the generic rank of F .
Theorem 6.1. ([Lau87, The´ore`me (3.2.1.1)]) Let ω be a non-zero meromorphic 1-form on
X. Then we have
ǫ(X,F) = qrk(F)(1−g)
∏
x∈|X|
ǫψ0(X(x),F|X(x), ω|X(x)),
where |X| is the set of closed points of X, and X(x) is the completion of X at x.
7 Determinant
Lemma 7.1. Qab = Q/Q0.
Proof. Qab = (Q/F )ab by Lemma 2.2. For g(a, b, c) ∈ Q, let g(a, b) be the image of g(a, b, c)
in Q/F . Then we have
g(a, 0)g(a, b)g(a, 0)−1g(a, b)−1 = g(1, (a− 1)b).
Hence, we have the claim.
12
Lemma 7.2. det τ 0 = χ0.
Proof. By Lemma 7.1, it suffices to show det τ 0 = χ0 on µpe+1(k
ac). This follows from
Lemma 2.1 and Lemma 2.3.
For a ∈ k, let (a
k
)
denote the quadratic residue symbol of k.
Lemma 7.3. Let m be a positive integer that is prime to p. We take an m-th root ̟1/m
of ̟, and put L = K(̟1/m).
1. If m is odd, then δL/K is the unramified character satisfying δL/K(̟) =
(
q
m
)
.
2. If m is even, we have δL/K(̟) =
(−1
q
)m
2 and δL/K(x) =
(
x¯
k
)
for x ∈ O×K .
Proof. These are proved in [BF83, (10.1.6)] if chK = 0. Actually, the same proof works
also in the positive characteristic case.
For a finite separable extension L over K and a non-trivial character Ψ: K → C×, let
λ(L/K,Ψ) denote the Langlands constant (cf. [BH06, 30.4]).
Lemma 7.4. Let m,m′ be positive integers that are prime to p. We take an m-th root
̟1/m of ̟, and put L = K(̟1/m). Let ψ′K : K → C× be a character such that ψ′K(x) =
ψ0(Trk/Fp(m
′x¯)) for x ∈ OK. Then we have
λ(L/K, ψ′K) =
{(
q
m
)
if m is odd,
−{√−1 p+32 (2mm′
p
)(−1
p
)m
2
−1}f
if m is even.
Proof. If m is odd, we have
λ(L/K, ψ′K) = ǫ(δL/K , ψ
′
K) =
( q
m
)
by [Hen84, Proposition 2] and Lemma 7.3.1.
Assume that m is even. Note that p 6= 2 in this case. Then we have dL/K = −(−1)m/2̟
in K×/(K×)2 by Proposition 5.2. We have
ǫ(δL/K , ψ
′
K) = q
− 1
2
∑
x∈k×
(x
k
)
ψ0(Trk/Fp(m
′x)) = −
{√−1 p+32 (m′
p
)}f
by formulas of Hasse-Davenport and Gauss. Hence, we have
λ(L/K, ψ′K) = ǫ(δL/K , ψ
′
K)
(m
q
)(−1
q
)m
2
−1
(dL/K , 2)K = −
{√−1 p+32 (2mm′
p
)(−1
p
)m
2
−1}f
by [Sai95, Theorem II.2B], where ( , )K is the Hilbert symbol over K.
Lemma 7.5. We have
det τψ0
(
Fr(1)
)
=
{{√−1 p+32 (2
p
)}f
q
pe
2 if p 6= 2,
q2
e−1
if p = 2.
13
Proof. Let x be the standard coordinate of A1k. Let j be the open immersion A
1
k →֒ P1k.
We put t = 1/x. We write j also for the open immersion Spec k((t)) →֒ Spec k[[t]]. Let
ξ : Gk((t)) → C× be the Artin-Schreier character defined by yp− y = 1/tpe+1 and ψ0. Let Vξ
be the smooth Qℓ-sheaf on Spec k((t)) corresponding to ξ via ι. Then we have
det τψ0
(
Fr(1)
)
= (−1)pǫ(P1k, j!π∗Lψ0) = (−1)pqǫψ0(k[[t]], j!Vξ,−t−2dt)
by Theorem 6.1 with ω = dx. Since ξ is a ramified character, we have
ǫψ0(k[[t]], j!Vξ,−t−2dt) = ǫψ0(k[[t]], j∗Vξ,−t−2dt) = q−1ǫ(ξω− 1
2
,Ψ−t−2dt)
by (6.1). We have
ǫ(ξω− 1
2
,Ψ−t−2dt) = (ξω− 1
2
)(−t−1)ǫ(ξω− 1
2
,Ψt−1dt) = q
pe
2 ǫ(ξ,Ψt−1dt)
by [BH06, 23.8 Stability theorem], since the level of ξ is pe+1. Let ξ˜ : Gk((s)) → C× be the
Artin-Schreier character defined by yp− y = 1/s. We consider k((s)) as a subfield of k((t))
by s = tp
e+1. Then ξ is the restriction of ξ˜ to Wk((t)). Hence, we have
ǫ(ξ,Ψt−1dt) = λ
(
k((t))/k((s)),Ψs−1ds
)−1
δk((t))/k((s))
(
rsw(ξ˜,Ψs−1ds)
)
ǫ(ξ˜,Ψs−1ds)
pe+1.
The claim follows from the above equalities, Lemma 7.4 and [BH06, (23.6.2) and (23.6.4)].
We simply write τζ for τζ,1,1.
Proposition 7.6. We have ωπζ,χ,c = det τζ,χ,c.
Proof. By [Del73, Proposition 1.2], we have
det τζ,χ,c = δ
pe
Eζ/K
(det τn,ζ,χ,c)|K×. (7.1)
Hence, we may assume χ = 1 and c = 1 by twist. Then it suffices to show det τζ = 1. We
see that det τζ is unramified by Lemma 2.3, Lemma 7.2, Lemma 7.3 and (7.1).
If p and n′ are odd, we have
det τζ(̟) =
(
q
n′
)pe{√−1 p+32 (2
p
)
p
pe
2
}fn′{(√−1 p+32 (−2n′
p
))n
p−
1
2
}fn′pe
=
{(
p
n′
)(
n′
p
)√−1 p+32 (1+pen)+p−1}fn′ = {( p
n′
)(
n′
p
)
(−1) p−12 n
′−1
2
}fn′
= 1
by (7.1), Lemma 7.3.1 and Lemma 7.5. We see that det τζ(̟) = 1 similarly also in the
other case using (7.1), Lemma 7.3 and Lemma 7.5.
8 Imprimitive field
8.1 Construction of character
Let e0 be the positive integer such that e0 ∈ 2N and e/e0 is odd.
Lemma 8.1. Assume p 6= 2. Then we have Tr τψ0
(
Fr(2e0)
)
= pe0.
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Proof. For a ∈ kac and b ∈ Fp2e0 such that ap − a = bpe+1, we have that
ap
2e0 − a = TrF
p2e0
/Fp(b
pe+1). (8.1)
By (8.1) and the Lefschetz trace formula, we see that
Tr τψ0
(
Fr(2e0)
)
= −
∑
b∈F
p2e0
(ψ0 ◦ TrFpe0 /Fp)
(
TrF
p2e0
/Fpe0
(bp
e0+1)
)
= −1− (pe0 + 1)
∑
x∈F×
pe0
(ψ0 ◦ TrFpe0 /Fp)(x) = pe0
using (pe + 1, p2e0 − 1) = pe0 + 1.
Let n0 be the biggest integer such that 2
n0 divides pe0 + 1. We take r ∈ kac such that
r2
n0 = −1. We define a subgroup R0 of Q0 by
R0 = {g(1, b, c) ∈ Q0 | bpe − rb = 0}.
Lemma 8.2. 1. If p 6= 2, the action of 2e0Z ⊂ Z on Q stabilizes R0.
2. If p = 2, the action of g on Q⋊ Z by the conjugation stabilizes R0.
Proof. The first claim follows from rp
2e0−1 = 1. We can see the second claim easily using
(2.10).
We put
Q′ =
{
Q0 ⋊ (2e0Z),
Q0 ⋊ Z,
R =
{
R0 ⋊ (2e0Z) if p 6= 2,
R0 · 〈g〉 if p = 2
as subgroups of Q⋊Z, which are well-defined by Lemma 8.2. We are going to construct a
character φn of R in this subsection. Then, we will show that τn|Q′ ≃ IndQ′R φn in the next
subsection.
First, we consider the case where p is odd. We define a homomorphism φn : R→ C× by
φn
(
(g(1, b, c), 0)
)
= ψ0
(
c− 1
2
e−1∑
i=0
(rb2)p
i
)
for g(1, b, c) ∈ R0,
φn
(
Fr(2e0)
)
= (−1)ne0 p−12 .
Then φn extends the character ψ0 of F .
Next, we consider the case where p = 2. We define a group R′0 as
R′0 =
{
g(b, c)
∣∣∣ b ∈ F2, c ∈ F22e , c2e − c = b}
with the multiplication given by
g(b1, c1) · g(b2, c2) = g(b1 + b2, c1 + c2 + b1b2).
We define φ : R0 → R′0 by
φ(g(1, b, c)) = g
(
TrF2e/F2(b), c+
∑
0≤i<j≤e−1
b2
i+2j
)
for g(1, b, c) ∈ R0.
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Let F ′ be the kernel of the homomorphism
F2e → F2; c 7→ TrF2e/F2
(
(b0 + b
2e
0 )c
)
.
We put R′′0 = R
′
0/F
′, where we consider F ′ as a subgroup of R′0 by c 7→ g(0, c). Then R′′0 is
a cyclic group of order 4. We write g¯(b, c) for the image of g(b, c) ∈ R′0 under the projection
R′0 → R′′0 . Let φ′ : R0 → R′′0 be the composite of φ and the projection R′0 → R′′0 . We put
s =
e−1∑
i=0
b2
i
0 , t = b0 + b
2e
0 .
Let ψ˜0 : R
′′
0 → C× be the faithful character satisfying
ψ˜0
(
g¯
(
1, s2 +
∑
0≤i<j≤e−1
t2
i+2j
))
= −√−1.
We define a homomorphism φn : R→ C× by
φn
(
(g(1, b, c), 0)
)
= (ψ˜0 ◦ φ′)(g(1, b, c)) for g(1, b, c) ∈ R0,
φn(g) = (−1)
n(n−2)
8
−√2 +√−2
2
.
Then φn extends the character ψ0 of F .
8.2 Induction of character
Lemma 8.3. We have τn|Q′ ≃ IndQ
′
R φn.
Proof. We know that τn|Q0 ∼= IndQ0R0 φn. First, we consider the case where p is odd. The
claim for general f follows from the claim for f = 1 by the restriction. Hence, we may
assume that f = 1. We have a decomposition
τn|R0 =
⊕
ψ˜∈R∨0 , ψ˜|F=ψ0
ψ˜. (8.2)
We write ψ˜n for φn|R0. We put R0 = {b ∈ kac | bpe − rb = 0}. The ψ˜n-component in
(8.2) is the unique component that is stable by the action of (g(1, 0, 0), 2e0), since the
homomorphism
R0 → R0; b 7→ bp2e0 − b
is an isomorphism. Hence, we have a non-trivial homomorphism φn → τn|R by Lemma 8.1.
Therefore we obtain the claim.
Next we consider the case where p = 2. Then it suffices to show that
Tr(IndQ
′
R φn)(g
−1) = −(−1)n(n−2)8
√
2
by Lemma 2.5. We have a decomposition
(IndQ
′
R φn)|R0 =
⊕
φ∈R∨0 , φ|F=ψ0
φ. (8.3)
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Let ψ˜′n be the twist of ψ˜n by the character
R0 → Q×ℓ ; g(1, b, c) 7→ ψ0
(
TrF2e/F2(b)
)
.
Then only the ψ˜n-component and the ψ˜
′
n-component in (8.2) are stable by the action of
(g(1, b0, c0), 1), since the image of the homomorphism
F2e → F2e ; b 7→ b2 − b
is equal to KerTrF2e/F2 . The action of Fr(e) permutes the ψ˜n-component and the ψ˜
′
n-
component. Hence, g acts on the ψ˜′n-component by φn(g) times
φn
(
Fr(e)−1g Fr(e)g−1
)
= φn
((
g
(
1, t, c0 + c
2e
0 +
e−1∑
i=0
(b2
e+1
0 + b
2e+1
0 )
2i
)
, 0
))
=
√−1.
Hence we have
Tr(IndQ
′
R φn)(g
−1) =
(
1−√−1)φn(g−1) = −(−1)n(n−2)8 √2.
We set Tζ = Eζ(αζ), Mζ = Tζ(βζ) and Nζ = Mζ(γζ). Let f0 be the positive integer such
that f0 ∈ 2N and f/f0 is odd. We put
N =
{
2e0/f0 if p 6= 2 and f0 | 2e0,
1 otherwise.
Let Kur be the maximal unramified extension ofK in Kac. Let Ku ⊂ Kur be the unramified
extension of degree N over K. Let kN be the residue field of K
u. For a finite field extension
L of K in Kac, we write Lu for the composite field of L and Ku in Kac. For a ∈ kac, we
write aˆ ∈ OKur for the Teichmu¨ller lift of a. We put
δ′ζ =
{
βp
e
ζ − rˆβζ ,
β2
e
ζ − βζ +
∑e−1
i=0 bˆ
2i
0 ,
ε1 =
{
0 if p 6= 2,
1 if p = 2.
Then we have δ′p
e
ζ − rˆ−1δ′ζ ≡ −α−1ζ + ε1 mod pTuζ (δ′ζ ). We take δζ ∈ T uζ (δ′ζ) such that
δp
e
ζ − rˆ−1δζ = −α−1ζ + ε1, δζ ≡ δ′ζ mod pTuζ (δ′ζ ). (8.4)
We put M ′uζ = T
u
ζ (δζ). Let ξn,ζ : WM ′uζ → C× be the composite of the restrictions Θζ|WM′uζ
and φn|R. By the local class field theory, we regard ξn,ζ as a character of M ′uζ ×.
Proposition 8.4. We have τn,ζ |WTu
ζ
≃ IndM ′uζ /Tuζ ξn,ζ.
Proof. This follows from Proposition 8.3.
Since τn,ζ|WTu
ζ
is not primitive as in Proposition 8.4, we call T uζ an imprimitive field.
Remark 8.5. Our imprimitive field is different from that in [BH14, 5.1]. In our case, T uζ
need not be normal over K. This choice is technically important in our proof of the main
result.
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8.3 Study of character
Assume that chK = p and f = 1 in this subsection.
8.3.1 Odd case
Assume p 6= 2 in this subsubsection. We put
θζ = γζ +
1
2
e−1∑
i=0
(rβ2ζ )
pi.
Then we have
θpζ − θζ = βp
e+1
ζ −
1
2r
(β2p
e
ζ + r
2β2ζ ) = −
1
2r
(β2p
e
ζ − 2rβp
e+1
ζ + r
2β2ζ ) = −
1
2r
δ2ζ .
We put N ′uζ = M
′u
ζ (θζ). Let ξ
′
n,ζ be the twist of ξn,ζ by the character
WM ′uζ → C×; σ 7→ (−1)n
p−1
2
nσ
2 .
Lemma 8.6. If p 6= 2, then ξ′n,ζ factors through Gal(N ′uζ /M ′uζ ).
Proof. Let σ ∈ Ker ξ′n,ζ. Then we have g(a¯σ, b¯σ, c¯σ) ∈ R0 and
c¯σ − 1
2
e−1∑
i=0
(rb¯2σ)
pi = 0.
Hence, we see that
σ(θζ)− θζ = cσ −
e−1∑
i=0
(
rbσ(βζ + bσ)
)pi
+
1
2
e−1∑
i=0
(
r
(
(βζ + bσ)
2 − β2ζ
))pi
= cσ − 1
2
e−1∑
i=0
(rb2σ)
pi = 0
by (2.6). This implies the claim.
8.3.2 Even case
Assume p = 2 in this subsubsection. Let ξ′n,ζ be the twist of ξn,ζ by the character
WM ′uζ → C×; σ 7→
(
(−1)n(n−2)8 −
√
2 +
√−2
2
)nσ
.
We take b1, b2 ∈ kac such that
b21 − b1 = s, b22 − b2 = t
(
b21 +
e−1∑
i=0
(b1s)
2i
)
.
We put
ηζ =
e−1∑
i=0
β2
i
ζ + b1, γ
′
ζ = γζ +
∑
0≤i<j≤e−1
β2
i+2j
ζ ,
θ′ζ =
e−1∑
i=0
(tγ′ζ)
2i +
∑
0≤i≤j≤e−2
t2
i
(δζηζ)
2j +
∑
0≤j<i≤e−1
t2
i
(b1δζ + sηζ)
2j + b21ηζ + b2.
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Lemma 8.7. We have η2ζ − ηζ = δζ and θ′2ζ − θ′ζ = (δζηζ)2
e−1
.
Proof. We can check the first claim easily. We show the second claim. We have
P2(γ
′
ζ) = (β
2e
ζ − βζ)
e−1∑
i=0
βp
i
ζ + β
2
ζ = (δζ − s)(ηζ − b1) + β2ζ . (8.5)
Hence, we have
P2e(γ
′
ζ) =
e−1∑
i=0
{
(δζ − s)(ηζ − b1)
}2i
+ (ηζ − b1)2. (8.6)
We obtain
θ′2ζ − θ′ζ = t
{ e−1∑
i=0
{
(δζ − s)(ηζ − b1)
}2i
+ η2ζ + b
2
1
}
+ (δζηζ)
2e−1 + b1δζ + sηζ
− t
e−1∑
i=0
(δζηζ + b1δζ + sηζ)
2i + tη2ζ + b
2
2 − b2 = (δζηζ)2
e−1
using (8.6) and η2ζ − ηζ = δζ .
We take θζ ∈ Kac such that θ′ζ = θ2
e−1
ζ . Then we have θ
2
ζ − θζ = δζηζ . We put
N ′uζ = M
′u
ζ (ηζ , θζ).
Lemma 8.8. The character ξ′n,ζ factors through Gal(N
′u
ζ /M
′u
ζ ).
Proof. Let σ ∈ Ker ξ′n,ζ. We take σ1, σ2 ∈ Ker ξ′n,ζ such that σ = σ1σ−nσ2 , σ1 ∈ IM ′uζ and
Θζ(σ2) = (g(1, b0, c0),−1). Here IM ′uζ denotes the inertia subgroup of WM ′uζ . Then we have
g(a¯σ1 , b¯σ1 , c¯σ1) ∈ R0, TrF2e/F2(b¯σ1) = 0 and
TrF2e/F2
(
t
(
c¯σ1 +
∑
0≤i<j≤e−1
b¯2
i+2j
σ1
))
= 0. (8.7)
It suffices to show that σi(ηζ) = ηζ and σi(θ
′
ζ) = θ
′
ζ for i = 1, 2.
The equalities σi(ηζ) = ηζ for i = 1, 2 follow from TrF2e/F2(βσ1) = 0 and s = b
2
1 − b1. By
(2.6) and TrF2e/F2(βσ1) = 0, we have
σ1(γζ)− γζ +
∑
0≤i<j≤e−1
(
σ1(βζ)
2i+2j − β2i+2jζ
)
= γσ1 +
∑
0≤i<j≤e−1
β2
i+2j
σ1
.
This and (8.7) implies σ1(θ
′
ζ) = θ
′
ζ .
It remains to show σ2(θ
′
ζ) = θ
′
ζ . Using (8.5), we see that
e−1∑
i=0
(tγ′ζ)
2i = γ′ζ +
∑
1≤i≤j≤e−1
t2
j
β2
i
ζ +
∑
0≤i<j≤e−1
t2
j{
(δζ − s)(ηζ − b1)
}2i
. (8.8)
We put γ′′ζ = γ
′
ζ +
∑
1≤i≤j≤e−1 t
2jβ2
i
ζ . Then we have
σ2(γ
′′
ζ )− γ′′ζ = c0 + s2(ηζ − b1) +
∑
0≤i<j≤e−1
b2
i+2j
0 +
∑
1≤i<j≤e
b2
i
0 t
2j
= s2(ηζ − b1) + b2e0 + s2 + b0t+ (s− b0)(1− t) = s2ηζ + b1s2 + st.
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Hence, σ2(θ
′
ζ)− θ′ζ can be written as
∑2e−1+2e−2
i=0 diη
i
ζ , where di ∈ kac. We have
d0 = b1s
2 + st + t
e−1∑
j=1
(b1s)
2j + b1s
e−1∑
l=1
t2
l
+ b22 − b2 = 0.
This implies σ2(θ
′
ζ) = θ
′
ζ , since we know that σ2(θ
′
ζ)− θ′ζ ∈ F2 by Lemma 8.7.
9 Refined Swan conductor
Let K˜ ⊂ Kur be the unramified extension of Ku generated by µp4pe−1(Kur). For a finite
field extension L of K in Kac, we write L˜ for the composite field of L and K˜ in Kac. We
write M˜ ′ζ for M˜
′u
ζ . Then N˜ζ is a Galois extension of M˜
′
ζ . For a finite Galois extension E/F
of non-archimedean local fields, let ψE/F denote the inverse Herbrand function of E/F , and
Gal(E/F )i denote the lower numbering i-th ramification subgroup of Gal(E/F ) for i ≥ 0.
Lemma 9.1. 1. We have
ψN˜ζ/M˜ ′ζ
(v) =

v if v ≤ 1,
pe(v − 1) + 1 if 1 < v ≤ 2,
pe+1(v − 2) + pe + 1 if 2 < v.
(9.1)
2. We have
Gal(N˜ζ/M˜
′
ζ)i =

Gal(N˜ζ/M˜
′
ζ) if i ≤ 1,
Gal(N˜ζ/M˜ζ) if 2 ≤ i ≤ pe + 1,
{1} if pe + 2 ≤ i.
Proof. We easily see that
ψM˜ζ/M˜ ′ζ
(v) =
{
v if v ≤ 1,
pe(v − 1) + 1 if v > 1,
ψN˜ζ/M˜ζ (v) =
{
v if v ≤ pe + 1,
p(v − pe − 1) + pe + 1 if v > pe + 1.
Hence, the claim 1 follows from ψN˜ζ/M˜ ′ζ
= ψN˜ζ/M˜ζ ◦ ψM˜ζ/M˜ ′ζ . The claim 2 follows from the
claim 1 and Gal(N˜ζ/M˜
′
ζ)pe+1 ⊃ Gal(N˜ζ/M˜ζ)pe+1 = Gal(N˜ζ/M˜ζ).
We set ̟M˜ ′ζ
= δ−1ζ , ̟M˜ζ = β
−1
ζ and ̟N˜ζ = (γζ̟
pe−1
M˜ζ
)−1. Then the elements ̟M˜ ′ζ , ̟M˜ζ
and ̟N˜ζ are uniformizers of M˜
′
ζ , M˜ζ and N˜ζ respectively. Let k˜ be the residue field of K˜.
Lemma 9.2. We have a commutative diagram
0 // Gal(N˜ζ/M˜ζ)
i
//
∼

Up
e+1
N˜ζ
/Up
e+2
N˜ζ
Nr
N˜ζ/M˜
′
ζ
//
∼

U2
M˜ ′ζ
/U3
M˜ ′ζ
∼

0 // Fp // k˜
P
// k˜
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and each row is exact, where the maps i and P are given by σ 7→ σ(̟N˜ζ )/̟N˜ζ and x 7→
r(xp − x) respectively, and the vertical maps are given by
Gal(N˜ζ/M˜ζ)
∼−→ Fp; σ 7→ σ(γζ)− γζ ,
Up
e+1
N˜ζ
/Up
e+2
N˜ζ
∼−→ k˜; 1 + x̟pe+1
N˜ζ
7→ −x¯,
U2
M˜ ′ζ
/U3
M˜ ′ζ
∼−→ k˜; 1 + x̟2
M˜ ′ζ
7→ x¯.
Proof. The exactness follows from [Ser68, V, §6, Proposition 9] and Lemma 9.1. We have
i(σ) = γζσ(γζ)
−1 ≡ 1− (σ(γζ)− γζ)γ−1ζ ≡ 1− (σ(γζ)− γζ)̟p
e+1
N˜ζ
mod Up
e+2
N˜ζ
for σ ∈ Gal(N˜ζ/M˜ζ). Hence, the first commutativity follows. We take β ′ζ ∈ M˜ζ such that
β ′p
e
ζ − rˆβ ′ζ = δζ, β ′ζ ≡ βζ mod pM˜ζ .
Then we have M˜ζ = M˜
′
ζ(β
′
ζ). The norm maps NrN˜ζ/M˜ζ and NrM˜ζ/M˜ ′ζ
induce
Up
e+1
N˜ζ
/Up
e+2
N˜ζ
→ Upe+1
M˜ζ
/Up
e+2
M˜ζ
; 1 + u̟p
e+1
N˜ζ
= 1 + uγ−1ζ 7→ 1 + (up − u)̟p
e+1
M˜ζ
,
Up
e+1
M˜ζ
/Up
e+2
M˜ζ
→ U2
M˜ ′ζ
/U3
M˜ ′ζ
; 1 + u̟p
e+1
M˜ζ
= 1 + uβ ′−1ζ ̟M˜ ′ζ 7→ 1− rˆu̟
2
M˜ ′ζ
respectively. Hence, the second commutativity follows.
For any finite extension M of K, we write ψM for the composite ψK ◦ TrM/K .
Lemma 9.3. We have rsw(ξn,ζ|WM′u
ζ
, ψM ′uζ ) = −n′δ
−(pe+1)
ζ mod U
1
M ′uζ
.
Proof. We put ξ˜n,ζ = ξn,ζ|W
M˜′
ζ
, and regard it as a character of M˜ ′×ζ . By (2.7), the restriction
of ξ˜n,ζ to U
2
M˜ ′ζ
is given by the composite
U2
M˜ ′ζ
can.−−→ U2
M˜ ′ζ
/
(
U3
M˜ ′ζ
NrN˜ζ/M˜ ′ζ
(Up
e+1
N˜ζ
)
) ≃ Gal(N˜ζ/M˜ζ) ≃ Fp ψ0−→ Q×ℓ ,
where the second isomorphism is the reciprocity map δ2 in the notation of [Ser68, XV, §3,
Proposition 4]. We note that our normalization of the Artin reciprocity map is inverse to
that in [Ser68, XIII, §4]. By Lemma 9.2 and the construction of the map δ2 in [Ser68, XV,
§2, Proposition 3], we have
ξ˜n,ζ(1 + u̟
2
M˜ ′ζ
) = ψ0 ◦ Trk˜/Fp(r−1u¯) (9.2)
for u ∈ OM˜ ′ζ . Since we have TrM˜ ′ζ/T˜ζ (δ
pe−1
ζ u) = −r−1u¯ for u ∈ OM˜ ′ζ , we obtain
ξ˜n,ζ(1 + x) = ψM˜ ′ζ
(−n′−1δpe+1ζ x)
for x ∈ p2
M˜ ′ζ
by (9.2). This implies
ξn,ζ(1 + x) = ψM ′uζ (−n′−1δ
pe+1
ζ x) (9.3)
for x ∈ p2M ′uζ , because Trk˜/kN : k˜ → kN is surjective. The claim follows from (9.3) and
[BH06, 23.8 Stability theorem].
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Lemma 9.4. We have rsw(τn,ζ,χ,c, ψEζ ) = n
′ϕ′ζ mod U
1
Eζ
.
Proof. By [BH06, 48.1 Theorem (2)], we may assume that χ = 1 and c = 1. By Proposition
8.4 and Lemma 9.3, we have
rsw(τn,ζ|WTu
ζ
, ψTuζ ) = NrM ′uζ /Tuζ
(
rsw(ξn,ζ, ψM ′uζ )
)
= n′ϕ′ζ mod U
1
Tuζ
. (9.4)
Since T uζ is a tamely ramified extension of Eζ , we have
rsw(τn,ζ , ψEζ) = rsw(τn,ζ|WTu
ζ
, ψTuζ ) mod U
1
Tuζ
(9.5)
by [BH06, 48.1 Theorem (3)]. The claim follows from (9.4) and (9.5).
Proposition 9.5. We have rsw(τζ,χ,c, ψK) = rsw(πζ,χ,c, ψK).
Proof. By τζ,χ,c = IndEζ/Kτn,ζ,χ,c, we have
rsw(τζ,χ,c, ψK) = NrEζ/K
(
rsw(τn,ζ,χ,c, ψEζ)
)
. (9.6)
Hence, the claim follows from Lemma 4.5 and Lemma 9.4.
Lemma 9.6. We have Sw(τζ,χ,c) = 1.
Proof. This follows from Lemma 9.4 and (9.6).
Lemma 9.7. The representation τζ,χ,c is irreducible.
Proof. We know that the restriction of τn,ζ,χ,c to the wild inertia subgroup of WEζ is irre-
ducible by Lemma 2.3. Assume that τζ,χ,c is not irreducible. Then we have an irreducible
factor τ ′ of τζ,χ,c such that Sw(τ ′) = 0, by Lemma 9.6 and the additivity of Sw. Then, the
restriction of τ ′ to the wild inertia subgroup of WK is trivial by Sw(τ ′) = 0. On the other
hand, we have an injective morphism τn,ζ,χ,c → τ ′|WEζ by the Frobenius reciprocity. This
is a contradiction.
Proposition 9.8. The representation τζ,χ,c is irreducible of Swan conductor 1.
Proof. This follows from Lemma 9.6 and Lemma 9.7.
10 Epsilon factor
10.1 Reduction to special cases
Proposition 10.1. Let M be a finite extension of K, and M ′ be a tamely ramified finite
extension of M . Let PM denote the wild inertia subgroup of WM . Let τ be a finite dimen-
sional smooth representation of WM such that τ |PM is irreducible and non-trivial. Then we
have
ǫ(τ |WM′ , ψM ′) = λ(M ′/M, ψM)−dim τδM ′/M (rsw(τ, ψM))ǫ(τ, ψM)[M
′:M ].
Proof. This is proved by the same arguments as [BH06, 48.3 Proposition].
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Lemma 10.2. We have
λ(Eζ/K, ψK) =
{(
q
n′
)
if n′ is odd,
−{√−1 p+32 (2n′
p
)(−1
p
)n′
2
−1}f
if n′ is even,
λ(T uζ /Eζ , ψEζ ) =
{
−(−1) (p−1)fN4 if p 6= 2,(
q
pe+1
)
if p = 2.
Proof. We have
λ(T uζ /Eζ , ψEζ ) = λ(T
u
ζ /E
u
ζ , ψEuζ )λ(E
u
ζ /Eζ, ψEζ )
pe+1 = λ(T uζ /E
u
ζ , ψEuζ ).
The claims follow from this and Lemma 7.4.
Lemma 10.3. We have
λ(M ′uζ /T
u
ζ , ψTuζ ) =
{
(−1)f if p = 2 and e ≤ 2,(
r
kN
)
otherwise.
Proof. Let K(0) and K(p) be non-archimedean local fields of characteristic 0 and p respec-
tively. Assume that the residue fields of K(0) and K(p) are isomorphic to k. We take
uniformizers ̟(0) and ̟(p) of K(0) and K(p) respectively. We define T
u
ζ,(0) similarly as T
u
ζ
starting from K(0). We use similar notations also for other objects in the characteristic zero
side and the positive characteristic side. We have the isomorphism
OTu
ζ,(p)
/p2Tu
ζ,(p)
∼−→ OTu
ζ,(0)
/p2Tu
ζ,(0)
; ξ0 + ξ1̟Tu
ζ,(p)
7→ ξˆ0 + ξˆ1̟Tu
ζ,(0)
of algebras, where ξ0, ξ1 ∈ k. Hence, it suffices to show the claim in one of the charac-
teristic zero side and the positive characteristic side by [Del84, Proposition 3.7.1], since
Gal(M ′uζ,(p)/T
u
ζ,(p))
2 = 1 and Gal(M ′uζ,(0)/T
u
ζ,(0))
2 = 1.
First, we consider the case where p 6= 2. Then, we have dM ′uζ /Tuζ = rˆ by Proposition 5.2.
Hence, we have λ(M ′uζ /T
u
ζ , ψTuζ ) =
(
r
kN
)
by [Hen84, Proposition 2].
We consider the case where p = 2. Assume that e ≥ 3 and chK = 0. Then we have
λ(M ′uζ /T
u
ζ , ψTuζ ) = ǫ(IndM ′uζ /Tuζ 1, ψTuζ ) = 1
by Theorem 5.1 and Proposition 5.2.
Assume that e = 2 and chK = 2. Then we see that d+M ′uζ /Tuζ
= 1 by Definition 5.3.
Hence, δM ′uζ /Tuζ is the unramified character satisfying δM ′uζ /Tuζ (̟Tuζ ) = (−1)f by Theorem
5.4. Then we see that
λ(M ′uζ /T
u
ζ , ψTuζ ) = ǫ(IndM ′uζ /Tuζ 1, ψTuζ ) = ǫ(δM ′uζ /Tuζ ⊕ 1⊕3, ψTuζ ) = (−1)f ,
where we use Theorem 5.1 at the second equality.
If e = 1, then we have
λ(M ′uζ /T
u
ζ , ψTuζ ) = ǫ(κM ′uζ /Tuζ , ψTuζ ) = (−1)f
by [BH06, (23.6.2) and (23.6.4)] and [Ser68, XV, §3, Proposition 4], where κM ′uζ /Tuζ is the
quadratic character associated to the extension M ′uζ over T
u
ζ .
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Lemma 10.4. We have
TrM ′uζ /Tuζ (δ
i
ζ) =
{
0 if 1 ≤ i ≤ pe − 2,
rˆ−1(pe − 1) if i = pe − 1. .
Proof. Vanishing for 1 ≤ i ≤ pe − 2 follows from (8.4). We have also
TrM ′uζ /Tuζ (δ
pe−1
ζ ) = TrM ′uζ /Tuζ
(
rˆ−1 + δ−1ζ (−α−1ζ + ε1)
)
= rˆ−1(pe − 1)
by (8.4).
Lemma 10.5. We have
δTuζ /Eζ
(
rsw(τn,ζ, ψEζ )
)
=
{
1 if p 6= 2,(
q
pe+1
)
if p = 2.
Proof. If p = 2, the claim follows from Lemma 7.3.1 and Lemma 9.4, since T uζ is totally
ramified over Eζ .
Assume that p 6= 2. Then we have dTuζ /Euζ = (−1)(p
e+1)/2ϕ′ζ by Proposition 5.2. Hence,
we have δTuζ /Euζ
(
(−1)(pe−1)/2ϕ′ζ
)
= 1. Therefore, we have
δTuζ /Eζ
(
rsw(τn,ζ , ψEζ )
)
= δTuζ /Euζ (n
′ϕ′ζ) = δTuζ /Euζ (n
′(−1) p
e−1
2 ) =
(
n′(−1) p
e−1
2
qN
)
= 1
by [Del73, Proposition 1.2] and Lemma 9.4.
Lemma 10.6. Assume that n = pe. Then we have ǫ(τζ,χ,c, ψK) ≡ ǫ(πζ,χ,c, ψK) mod µpe(C).
Proof. Let π be the representation of GLn(K) corresponding to τζ,χ,c by the local Langlands
correspondence. By the proof of [BH14, 2.2 Proposition], Proposition 7.6 and Proposition
9.5, we have π ≃ c-IndGLn(K)
L×ζ U
1
I
Λ for a character Λ: L×ζ U
1
I → C× which coincides with Λζ,χ,c
on K×U1I . Then, the claim follows from [BH14, 2.2 Lemma (1)], because L
×
ζ U
1
I/(K
×U1I ) is
the cyclic group of order pe.
Proposition 10.7. We have ǫ(τζ,χ,c, ψK) = ǫ(πζ,χ,c, ψK).
Proof. By Proposition 3.2 and τζ,χ,c ≃ IndEζ/K τn,ζ,χ,c, it suffices to show that
λ(Eζ/K, ψK)
peǫ(τn,ζ,χ,c, ψEζ ) = (−1)n−1+ε0fχ(n′)c.
By Lemma 9.4, we may assume χ = 1 and c = 1. By (2.4), Lemma 9.4 and Lemma 10.2,
we may assume that n = pe. By Lemma 10.2 and Lemma 10.6, it suffices to show that
ǫ(τn,ζ , ψEζ)
N(pe+1) =
{
1 if p 6= 2,
(−1)1+ε0f if p = 2.
By Proposition 10.1, we have
ǫ(τn,ζ, ψEζ )
N(pe+1) = δTuζ /Eζ
(
rsw(τn,ζ, ψEζ )
)−1
λ(T uζ /Eζ , ψEζ)
peǫ(τn,ζ |WTu
ζ
, ψTuζ ).
By this, Lemma 10.2 and Lemma 10.5, it suffices to show that
ǫ(τn,ζ |WTu
ζ
, ψTuζ ) =
{
−(−1) (p−1)fN4 if p 6= 2,
(−1)1+ε0f( q
pe+1
)
if p = 2.
This follows from Lemma 10.3 and Proposition 10.8.
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Proposition 10.8. Assume that n = pe. Then we have
ǫ(ξn,ζ , ψM ′uζ ) =
{
−(−1) (p−1)fN4 ( r
kN
)
if p 6= 2,
(−1)1+ε0f if p = 2.
Proof. First, we reduce the problem to the positive characteristic case. Assume that chK =
0. Take a positive characteristic local field K(p) whose residue field is isomorphic to k. We
define M ′uζ,(p) similarly as M
′u
ζ starting from K(p). We use similar notations also for other
objects in the positive characteristic side. Then we have an isomorphism
OM ′u
ζ,(p)
/p3M ′u
ζ,(p)
∼−→ OM ′uζ /p3M ′uζ ; ξ0 + ξ1̟M ′uζ,(p) + ξ2̟
2
M ′u
ζ,(p)
7→ ξˆ0 + ξˆ1̟M ′uζ + ξˆ2̟2M ′uζ
of algebras, where ξ1, ξ2, ξ3 ∈ k. Hence, the problem is reduced to the positive characteristic
case by [Del84, Proposition 3.7.1].
We may assume K = Fq((t)). We put K〈1〉 = Fp((t)). We define M ′uζ,〈1〉 similarly as M
′u
ζ
starting from K〈1〉. We use similar notations also for other objects in the K〈1〉-case. We put
f ′ = [M ′uζ : M
′u
ζ,〈1〉]. We have δM ′uζ /M ′uζ,〈1〉(rsw(ξn,ζ,〈1〉, ψM ′uζ,〈1〉)) = (−1)f
′−1 by Lemma 9.3. We
have λ(M ′uζ /M
′u
ζ,〈1〉, ψM ′uζ,〈1〉) = 1, since the level of ψM ′uζ,〈1〉 is 2 − pe by Lemma 10.4. Then,
we obtain
ǫ(ξn,ζ, ψM ′uζ ) = (−1)f
′−1ǫ(ξn,ζ,〈1〉, ψM ′u
ζ,(1)
)f
′
(10.1)
by Proposition 10.1. By (10.1), the problem is reduced to the case where f = 1. In this
case, the claim follows from Lemma 10.12 and Lemma 10.16.
10.2 Special cases
We assume that n = pe, chK = p and f = 1 in this subsection.
10.2.1 Odd case
Assume that p 6= 2 in this subsubsection.
Lemma 10.9. We have ψM ′uζ
(−δpe+1ζ (1 + x̟M ′uζ )) = 1 for x ∈ kN .
Proof. For x ∈ kN , we have
ψM ′uζ
(−δpe+1ζ (1 + x̟M ′uζ )) = ψM ′uζ (−(r−1δζ − α−1ζ )(δζ + x)) = ψM ′uζ (−r−1δ2ζ ),
because TrM ′uζ /Tuζ (δζ) = 0. If p
e 6= 3, then we have the claim, because TrM ′uζ /Tuζ (δ2ζ ) = 0.
We assume that pe = 3. Then we have
ψM ′uζ
(−r−1δ2ζ) = ψTuζ (−2r−2) = ψ0(TrkN/Fp(−2r−2)) = ψ0(−N TrFp2/Fp(r−2)) = 1,
by TrM ′uζ /Tuζ (δ
2
ζ ) = 2r
−1 and r4 = −1.
Lemma 10.10. We have
NrN ′uζ /M ′uζ (1 + xθ
p−1
2
ζ ̟M ′uζ ) ≡ 1 + (−2r)
1−p
2 xp̟M ′uζ +
x2
2
̟2M ′uζ mod p
3
M ′uζ
for x ∈ kN .
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Proof. We put T = 1 + xθ
p−1
2
ζ ̟M ′uζ . By θ
p
ζ − θζ = (−2r)−1δ2ζ , we have
θζ = − 1
2r
δ2ζ
((
x−1(T − 1)δζ
)2 − 1)−1.
Substituting this to x−1(T − 1)δζ = θ
p−1
2
ζ , we have(
T 2 − 2T + 1− x2̟2M ′uζ
) p−1
2 (T − 1)− (−2r) 1−p2 xp̟M ′uζ = 0.
The claim follows from this.
Lemma 10.11. We have∑
x∈kN
ξn,ζ(1 + x̟M ′uζ )
−1 = −((−1) p−12 p)e0
( r
kN
)
.
Proof. We note that the left hand side of the claim does not change even if we replace ξn,ζ
by ξ′n,ζ. By Lemma 8.6 and Lemma 10.10, we have∑
x∈kN
ξ′n,ζ(1 + x̟M ′uζ )
−1 =
∑
x∈kN
ξ′n,ζ
(
1 + (−2r) 1−p2 xp̟M ′uζ
)−1
=
∑
x∈kN
ξ′n,ζ
(
1− x
2
2
̟2M ′uζ
)−1
=
∑
x∈kN
ψM ′uζ
(
−x
2
2
δp
e−1
ζ
)
, (10.2)
where we use (9.3) at the last equality. The last expression in (10.2) is equal to∑
x∈kN
ψTuζ
(−(2r)−1(pe − 1)x2) = ∑
x∈kN
ψ0(TrkN/Fp(rx
2)) = −((−1) p−12 p)e0( r
kN
)
by Lemma 10.4.
Lemma 10.12. We have ǫ(ξn,ζ, ψM ′uζ ) = −(−1)
(p−1)e0
2
(
r
kN
)
.
Proof. We have
ǫ(ξn,ζ, ψM ′uζ ) = p
−e0
∑
x∈kN
ξn,ζ
(−δpe+1ζ (1 + x̟M ′uζ ))−1ψM ′uζ (−δpe+1ζ (1 + x̟M ′uζ ))
= −(−1) (p−1)e02
( r
kN
)
ξn,ζ(−δp
e+1
ζ )
−1
by [BH06, (23.6.2) and 23.6 Proposition], Lemma 10.9 and Lemma 10.11. Since
NrN ′uζ /M ′uζ (θ
p−1
2
ζ ̟M ′uζ ) = (−2r)
1−p
2 ̟M ′uζ ,
we have
ξn,ζ(−δpe+1ζ ) = ξn,ζ(−(−2r)(p
e+1) 1−p
2 ) = ξn,ζ(−(−1)
p−1
2 ) = 1.
Thus, we have the claim.
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10.2.2 Even case
Assume that p = 2 in this subsubsection.
Lemma 10.13. We have TrM ′uζ /K(δ
2e+1
ζ ) = 0 and
TrM ′uζ /K(δ
2e
ζ ) =
{
1 if e = 1,
0 if e ≥ 2.
Proof. These follow from δ2
e
ζ − δζ = α−1ζ + 1 and Lemma 10.12.
Lemma 10.14. We have NrN ′uζ /M ′uζ (θζδ
−1
ζ ) = δ
−1
ζ .
Proof. This follows from θ2ζ − θζ = δζηζ and η2ζ − ηζ = δζ .
Lemma 10.15. The value ξ′n,ζ(1 + δ
−1
ζ ) is independent of n.
Proof. We take σ ∈ IM ′uζ such that Θζ(σ) =
(
g(1, t, s2), 0
)
. Then it suffices to show that
σ(ηζ) − ηζ = 1 and σ(θζ) − θζ = ηζ . We can check the first equality easily. To show the
second equality, it suffices to show that σ(θ′ζ)− θ′ζ = η2
e−1
ζ . We have
σ(γ′ζ)− γ′ζ = ηζ − b1 + s2 +
∑
0≤i≤j≤e−1
t2
i+2j .
Hence, by (8.8) and the definition of θ′ζ , we can write σ(θ
′
ζ) − θ′ζ as
∑2e−1
i=0 diη
i
ζ , where
di ∈ kac. By (8.8), we have
d0 = b1 + s
2 +
∑
0≤i≤j≤e−1
t2
i+2j +
∑
1≤i≤j≤e−1
t2
i+2j + b21 = s+ s
2 + t = 0.
This implies σ(θ′ζ)− θ′ζ = η2
e−1
ζ , since we know that σ(θ
′
ζ)− θ′ζ − η2
e−1
ζ ∈ F2 by Lemma 8.7
and σ(ηζ)− ηζ = 1.
Lemma 10.16. We have
ǫ(ξ′n,ζ, ψM ′uζ ) =
{√
2+
√−2
2
if e = 1,√
2−√−2
2
if e ≥ 2.
Proof. By [BH06, (23.6.2) and (23.6.4)], (9.3), Lemma 10.4, Lemma 10.13 and Lemma
10.14, we have
ǫ(ξ′n,ζ, ψM ′uζ ) = 2
− 1
2
∑
x∈F2
ξ′n,ζ
(
δ2
e+1
ζ (1 + xδ
−1
ζ )
)−1
ψM ′uζ
(
δ2
e+1
ζ (1 + xδ
−1
ζ )
)
=
{
2−
1
2
(
1− ξ′n,ζ(1 + δ−1ζ )−1
)
if e = 1,
2−
1
2
(
1 + ξ′n,ζ(1 + δ
−1
ζ )
−1) if e ≥ 2. (10.3)
By Lemma 10.15, it suffices to show the claim in the case e = 1. Assume that e = 1. Then
we know the equality in the claim modulo µ2(C) by Lemma 10.6. Hence it suffices to show
the equality of the real parts. This follows from (10.3).
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A Realization in cohomology of Artin-Schreier variety
We realize τn in the cohomology of an Artin-Schreier variety. Let νn−2 be the quadratic
form on An−2kac defined by
νn−2
(
(yi)1≤i≤n−2
)
= − 1
n′
∑
1≤i≤j≤n−2
yiyj.
Let X be the smooth affine variety over kac defined by
xp − x = ype+1 + νn−2
(
(yi)1≤i≤n−2
)
in Ankac .
We define a right action of Q⋊ Z on X by
(x, y, (yi)1≤i≤n−2)(g(a, b, c), 0) =
(
x+
e−1∑
i=0
(by)p
i
+ c, a(y + bp
e
), (a
pe+1
2 yi)1≤i≤n−2
)
,
(x, y, (yi)1≤i≤n−2) Fr(1) = (x
p, yp, (ypi )1≤i≤n−2).
We consider the morphism
πn−2 : A
n−1
kac → A1kac; (y, (yi)1≤i≤n−2) 7→ yp
e+1 + νn−2
(
(yi)1≤i≤n−2
)
.
Then we have a decomposition
Hn−1c (X,Qℓ) ∼=
⊕
ψ∈F∨p \{1}
Hn−1c (A
n−1
kac , π
∗
n−2Lψ) (A.1)
as Q⋊ Z representations. Let ρn be the representation over C of Q⋊ Z defined by
Hn−1c (A
n−1
kac , π
∗
n−2Lψ0)
(n− 1
2
)
and ι, where
(
n−1
2
)
means the twist by the character (g(a, b, c), m) 7→ pm(n−1)/2.
Lemma A.1. If p 6= 2, then we have det νn−2 = −(−2n′)n ∈ F×p /(F×p )2.
Proof. This is an easy calculation.
Proposition A.2. We have τn ≃ ρn.
Proof. Let Y be the smooth affine variety over kac defined by
xp − x = νn−2
(
(yi)1≤i≤n−2
)
in An−1kac .
We define a right action of Q⋊ Z on Y by(
x, (yi)1≤i≤n−2
)(
g(a, b, c), 0
)
=
(
x, (a
pe+1
2 yi)1≤i≤n−2
)
,(
x, (yi)1≤i≤n−2
)
Fr(1) =
(
xp, (ypi )1≤i≤n−2
)
.
Using the action of Q⋊Z on Y , we can define an action of Q⋊Z on Hn−2c (A
n−2
kac , ν
∗
n−2Lψ0).
Then we have
Hn−1c (A
n−1
kac , π
∗
n−2Lψ0) ∼= H1c (A1kac , π∗Lψ0)⊗Hn−2c (An−2kac , ν∗n−2Lψ0) (A.2)
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by the Kunneth formula, where the isomorphism is compatible with the actions of Q⋊ Z.
By (A.2), it suffices to show the action of Q⋊ Z on
Hn−2c (A
n−2
kac , ν
∗
n−2Lψ0)
(n− 1
2
)
is equal to the character (2.4) via ι.
First, consider the case where p 6= 2. The coincidence of the actions of Q follows from
[DL98, Lemma 2.2.3]. We have
(−1)n−2
∑
y∈Fn−2p
ψ0
(
νn−2(y)
)
=
(−1
p
){
−
(−2n′
p
)}n√
(−1) p−12 p
n−2
(A.3)
by Lemma A.1. The coincidence of the actions of Fr(1) ∈ Q ⋊ Z follows from [Del77,
Sommes trig. Scholie 1.9] and (A.3).
If p = 2, the coincidence follows from [IT13, Proposition 4.5] and
(
2
n−1
)
= (−1)n(n−2)/8.
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